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UNIVERSAL CALIBRATION AND MOLECULAR WEIGHT AVERAGES
IN GEL PERMEATION CHROMATOGRAPHY ILLUSTRATED BY
CELLULOSE NITRATE AND POLY(OXYPROPYLENE)

David M. French and George W. Nauflett
Energetic Materials Division
Naval Surface Weapons Center
White Oak, Silver Spring, Maryland 20910

ABSTRACT

The nature of the averaging process in the analysis of gel per-
meation chromatograms was examined for cases where the molecules in
the detector cell of the apparatus were of different molecular weight
and of the same molecular weight. When the molecules have the same
molecular weight, the hydrodynamic volume (1), [nIM, averaged across
a chromatogram was found to become kMa+l for any molecular weight
average at the elution volume corresponding to that average. [n] is
intrinsic viscosity, M is molecular weight, and K and a are the
appropriate Mark-Houwink constants. Thus when size separation is by
mo]e?ular weight, the universal GPC calibration functions include
KM3*! where M, is the number average molecular weight.

Cellulose nitrate and poly(oxypropylene) were a?alyzed using
three sets of columns and two GPC instruments. KM3*!, kMa*l - and
[n]Mw were found to represent the hydrodynamic volume since these
functions fell on the universal calibration plot for nearly nono-
disperse polystyrene standards. The function [n]M, was displaced
from the polystyrene universal calibration plot by factor which
equaled My/My. The slopes and intercepts of the universal cali-
bration plots were found to be completely consistent with the slopes
and intercepts of the molecular weight calibration plots showing
that the Mark-Houwink constants were correct. Intrinsic viscosity -
molecular weight relations were presented for 12.0-12.6%N cellulose
nitrate and for low molecular weight poly(oxypropylene), the latter
relation being a correction of that of Sholtan and Lie {18).

197

Copyright © 1981 by Marcel Dekker, Inc,



18: 47 24 January 2011

Downl oaded At:

198 FRENCH AND NAUFLETT

INTRODUCTION

Since the introduction of the concept of universal gel per-
meation chromatography (GPC) calibration by Grubisic, Rempp, and
Benoit (1) the nature of the hydrodynamic volume used in this
calibration has been the subject of a number of papers (2-8).
The expression for the hydrodynamic volume of the polymer mole-
cules in the detector cell of the GPC apparatus at any one time
was shown by A.E. Hamielec and A.C. Quano (2) and Hamielec, Ouana,
and Nebenzahl (3) to be [n]M, where [n] is intrinsic viscosity and
M, is number average molecular weight. These workers employed
what in effect were mixtures of polymers which had widely differ-
ent shapes at the same molecular weight. Their results showed
that the separation factor for this polymer mixture was also
[n]My across the whole chromatogram. On the other hand as shown
by much experience there is no doubt that for a chromatogram the
use of [n]My, where M, is the weight average molecular weight, for
hydrodynamic volume is ordinarily correct. This is because in
most cases only one type of polymer of one size is present. How-
ever, on thinking about the subject it became apparent that our
understanding of the averaging process in GPC statistics was im-
complete. On looking at the matter in detail it was found, as
will be shown below, that for a single kind of polymer the GPC
separation factor averaged for a chromatogram should be kMa*T at
the elution volume corresponding to M, where M is molecular weight
of any type average and K and a are the appropriate Mark-Houwink

constants, rather than only [n]¥, or KM3+] at the peak elution
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volume. This conclusion was tested using GPC results on Cellulose

Nitrate and Poly(oxypropylene) samples.

ARGUMENT

Several papers (2-8) have appeared concerning the nature of
"the" hydrodynamic volume to use in the so-called universal
calibration procedure for Gel Permeation Chromatography (GPC) de-
vised by Grubisic, Rempp, and Benoit (1). Recent work by Hamielec
and Ouano (2) has shown without any doubt that the calibration
constant should be [n]Mn vwhere [n] is the intrinsic viscosity and
Mn is the number average molecular weight at any elution volume.

The universal calibration for GPC was based on Einstein's

relation for the viscosity of a suspension of spheres (9):

] = 8 oo 1
where [n] = intrinsic viscosity
k = @ constant
N = Avagadro's number
Ve = volume of a sphere equivalent
to that of one solute molecule
M = molecular weight of solute

See Flory (10), p. 606. From Equation 1 the “hydrodynamic volume',
NVg is proportional to [nIM. Log[n]M was found to be a linear

. , [nIM
function of elution volume for a number of polymers (1), K
is an average of the size of all the solute molecules. Each

molecule will have a molecular weight, Mj, and a characteristic

intrinsic viscosity, [n]j, so that:

[nM = [“]rj]Mi ---------- 2

where m is the number of molecules.
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Following Hamielec and Ouano (2), if we define [n]M as J, at
any point on the elution volume curve J will be constant although
My/Mp may vary. For that point let [n] = Zwj[n]; where w; is the
weight fraction of the ith species. That is, the intrinsic
viscosity of the polymer is the weight, or better - viscosity,
average of that of the fractions. But Ji = [n]iM; and [n]; =
J;/M;j. Therefore [n] = Iwjdi/Mj. Hegce M = [%]‘= EW?—%;7M; .
But J is constant. Therefore M = JEW;7E;'= TWiM; ~ which is the
number average molecular weight.. Hence M is My and J is [nIMp.

In the general case as shown by Hamielec and Ouano {2) where
the Mark-Houwink relation is not the same for all molecules,
hydrodynamic volume varies with chromatographic elution volume in
accordance with:

Log [nJMp = Log A= bBC = === -« = - = 3
where A and b are constants and C is the elution volume, a
relation which is linear or nearly so, If one is satisfied with
molecular size, the average hydrodynamic volumes may be calculated
statistically from h;, the height of the elution curve at any
point, and Jj = [;];M; read from the universal calibration curve

determined for standard monodisperse samples.
- Ihj _Ihidy
Jy Thi/TT and Jy Thi in volume per mol.
However, Hamielec, Ouano, and Nebenzahl (3) have devised an

approximation method to obtain M, and M, from h; and Jj.
The statistical treatment of GPC results has always assumed
that molecules of the same size in the detector cell have the

same molecular weight. For most linear polymers the assumption
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is justified. If all the molecules are of the same size and obey
the same Mark-Houwink relation, their molecular weights are the
same,

[ndyMy = [nloMp

KMZMo

1]

kMM
My =M
In such a case in the detector cell of the chromatograph
and at any point on the elution volume axis, M, = My = M,. If for
the whole sample the Mark-Houwink relation is the same for all the
molecules, then size separation by GPC is proportional to mole-
cular weight. Then if the same Mark-Houwink relation holds be-
tween different samples, comparison can be made between samples of
various average molecular weights on the basis of elution volumes
at these averages.
When a high molecular weight solute is polydisperse, we

write the Mark-Houwink relation:

_ a
[n] = KMy,
where Kand a = constants
My = viscosity average molecular
weight

At a single elution volume if several species are present
each obeying its own intrinsic viscosity - molecular weight
relation, there will be a composite relation of the form KMSO
Thus [n]Mp becomes KMsMn which can be placed in terms of one
molecular weight average only through the introduction of a dis-

persity term. If, however, at a single point on the elution
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volume curve all the molecules obey the same Mark-Houwink equation
then they are all of the same molecular weight and the expresions
My» My and My have no meaning at that point and [n]M, becomes
KMa+]. If the same Mark-Houwink equation holds for all the
polymer then KMa+] becomes the size separation expression all
along the elution volume curve. Separation is point by point a-
long the chromatographic curve. If each point is associated with
one molecular weight the type of average involved in separation
does not enter the picture. When we then average a single curve,
since various amounts of polymer are associated with different
points, we will in general have various sizes and molecular

weights each of which must at least approximately fit

Log kM3"] ;= LogA-bC ---- 4
and Log q = Log (%)§¥T - EET c --=-- 5
A
Let (E)msd ---- 6
b -
and Fra = e --=- 7
Then Log M = logd - eC - =-=-=- 8

If the molecular weight of the fractions is known one may
then calculate My, My, M, statistically for the whole polymer in
the usual manner from the observed heights of the chromatogram
and read off corresponding values of €, Cy» and Cy from a plot
of Equation 8 so that one has:

Log M log d - eCw,V,n - ~-=~9

WsVsh
With a single polymer the three Equations 9 each connect
two variables only and have the same intercept and slope and

therefore form one curve for various samples of one kind of
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polymer. They must, since as the area of a chromatogram
approaches zero, the three molecular weight averages approach
each other,

If we substitute Equations 6 and 7 in Equation 9 and re-

arrange we obtain:

a+l
Log KM, = Log A-bC, =-~=----- 10
a+l _ _
Log KM, = Log A-bC, - ===>=~-~- 1
2 Log [nIMy === -~=-- 12
Log k&1 = Log A-bCy - ---- - 13
= Log [n]M,
If Equation 10 is substracted from Equation 11:
M b(Cnh-C
Log ™/m, = atl = e{ChCy) - --14

M . . .
Here w/Mn is the dispersity of the whole polymer.

EXPERIMENTAL
The ideas expressed above were tested using results obtained
from eleven cellulose nitrate samples with nitrogen content vary-
ing from 12.0% to 13.1% and twelve poly(oxypropylene) mixtures of
known dispersity varying from 1.03 to 1.53 (11). Two different

instruments and three sets of columns were used.

a. Materials

Cellulose Nitrate was ideally suited for our purpose since
it has a broad molecular weight distribution which varies greatly
between samples. Eleven cellulose nitrate (N/C) samples were
selected for characterization. The samples described in Table 1]

were obtained from Hercules, Inc., Parlin, New Jersey and

203



18: 47 24 January 2011

Downl oaded At:

204 FRENCH AND NAUFLETT

TABLE 1

Cellulose Nitrate Samples

Hercules Nitrogen Mol Wt.
Lot Type Content, % (a) Mp Osm. (b)
3569 RS-0.5" 11.95

4106 RS-5.4" 12.03 26133
1696 RS-15" 11.86 39985
4874 RS-33" 11.97 33515
4569 RS-60" 11,97 55908
4419 RS-125" 12.00 52428
7715 6" 12,60 39489
2234 10-15" 12,64 72200
7719 20" 12.61 52428
2238 36" 12.56 57700
9038 j2" 13.13 57695

(a) HNitrogen was determined by the nitrometer method
according to Mil. Std. 286B

(b) Osm - Membrane QOsmometer

contained 30% ethanol. Viscosity grades of the samples varied from
0.5 to 125 seconds. Molecular weights were determined by the ArRo
Laboratories, Joliet, I11incis in acetone solution using a Hewlett-

Packard membrane osmometer, The membrane osmometer method employed
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would best be described as dynamic rather than static and low mole-
cular weight impurities in the samples may not have diffused through
the membrane. The cellulose nitrate solutions were allowed to
stand two to three days to effect complete solution.

Polystyrene standards were obtaned from Waters Associates
(12)and the Pressure Chemical Company (17).

Poly(oxypropylene) samples of nominal molecular weight 400,
1000, and 2000 were obtained from BASF-Wyandotte while 4000 mole-
cular weight material was obtained from the Dow Chemical Co.
Formulation and treatment of these materials are described in
Reference 11.

The solvent for all measurements was tetrahydrofuran (THF),
b. Equipment

Two chromatographic instruments were used, a Waters Associates

Model 200 and a modified Waters Associates 202/401 with a high
pressure pump capable of reaching 2000 psi, equivalent to a Model
244, Cellulose nitrate was analyzed using both instruments. On
the Waters 200 the columns employed were 2.5 x 10% AU (Cat. No.
39715), 1 x 10° AU (Cat. No. 39716), 3 x 10° AU (Cat. No. 39717),
1 x 10% A (Cat. No. 39718), and 1 x 107 AU (Cat. No. 39719)
designated column set B, while with the 202/401 the columns were
102, ]03. 104, 105 and 106 Ay pore size called column set C.
Poly{oxypropylene) was run with the Waters 200 instrument using
columns of 2,25 x 102, 1.4 x 103, 1.4 x 103 and 3.5 x 103 AU

called column set II.
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Column sets B and II were packed with Styragel while column
set C was packed with Micro-Styragel of smaller particle size.
In all cases a flow rate of 1.0 ml/minute was used at 25°C. The
Waters 200 instrument was used at a sensitivity of four for the KHC

and a sensitivity of one for the Poly(oxypropylene).

¢, Calibration with Polystyrene Standards

The GPC curves were analyzed by the successive approximation
method described by Adams et al (13). The results for the column
sets are shown in Tables 2, 3 and 4 and Figures 3, 4, and 5.
The equations describing the polystyrene curves were:

Column set B, Waters 200: Log Mp = 11.79-0.0317C - - 16

Column set C, Waters 202/401:
Log M, = 10.27 - 0.156C ~ - - - 17

Column set II, Waters 200:
Log M, = 7.91 - 0.0336C - - - - 18

where Cis elution volume in ml at the number average molecular
weight(Mp).

Polystyrene intrinsic viscosities were calculated from the
equation of Spatorico and Coulter (8). These authors reviewed
previous work and concluded that the intrinsic viscosity of poly-
styrene in THF at 25°C was best represented by

] = 11 x 1074 M 0725 d1/g - - - - - - 19.

The product of the weight average molecular weight of the

standards and their calculated intrinsic viscosity at that
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Figure 1: Mark-Houwink Relation for 12.0-12.6% N
Cellulose Nitrate in THF at 25°C

molecular weight were plotted as the hydrodynamic volume against
elution volume at peak height. The results are shown in Tables
2, 3 ,and 4 and as lines without points in Figures 6, 7, and
8.

d. Cellulose Nitrate and Poly(oxypropylene) Analysis

The GPC curves for cellulose nitrate and poly{oxypropylene)
were analyzed using the method described above. In the case of
cellulose nitrate the elution volumes at the peak heights were

plotted against the number average molecular weight (Mn) that had
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0.10 L
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o Mol. Wt. from OH content (18)
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terminal unsaturation
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Figure 2: Intrinsic Viscosity - Molecular Weight Relation
for Polypropylene Oxide of Narrow Molecular Weight
Distribution in THF at 20°C

been determined independently by membrane osmometry. From the
first approximate curve, the elution volumes at Mn were calculated.
These elution volumes were in turn plotted against Mn (osmometer)
forming a new calibration curve. The process was repeated and

the final calibration curve approached by successive approxima-
tions. Elution volumes and molecylar weights from fractionated
N/C samples were also used to calculate calibration curves using

data of Carignan and Turngren (14),
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Results on cellulose nitrate using the Waters 200 and
column set B are given in Table 2 and Figure 3 while those using
the Waters 202/401 and column set C are shown in Table 3 and
Figure 4. The scatter in the points is attributed mainly to the

molecular weight procedure,

1,000,000
8: Polystyrene
L Standards o Cellulose Nitrate - This work
oF /
® Cellulose Nitrate - Carignan and
I Turngren (14)
a4 (Placed with respect to Polystyrene
Curve)
2 -
(%)
2
[=]
3
o
£ 100,000
=
- -
= 8|
=
5 o
g or
’6 -
=
b
2 —
10,000 L
36 38 40 42 44 46 48

Elution Volume at M, Counts, 5 ml

Figure 3: GPC Calibration Curve for Cellulose Nitrate Using
Waters 200 Instrument and Column Set B
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FRENCH AND NAUFLETT

o Cellulose Nitrate - This work

® Cellulose Nitrate - Carignan and
Turngren (14)
(Placed with respect to Polystyrene
Curve)

2
10,000 1 ) 1 i i 1 L 1 i i ) 2 i
28 30 32 34 36 38 40
Elution Volume at M,, ml
Figure 4: GPC Calibration Curve for Cellulose Nitrate with Waters

202/401 High Pressure Instrument and Column Set C

Results of Carignan and Turngren (14) were used to give a

sufficient molecular weight range.

Their data were placed with

respect to the two polystyrene curves from their paper and this

work.

The cellulose nitrate calibration using column set B and
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the Waters 200 instrument was:
Log My = 11,83 - 0.0333C - ~ = = = = =« =~ = 20.
With the high pressure Waters 202/401 and column set C the
calibration was:
Log My = 9.99 - 0.154C = = =« = = = = =~ - 21

where C is in milliliters,

Molecular weights calculated from this calibration curve
(Eq. 21) for five cellulose nitrate lots are given in Table 3 .
As expected, the number average molecular weights are comparable
with those obtained using the Waters 200 and column set B which
was packed with Styragel as opposed to Micro-Styragel in column
set C. However, in all cases the dispersity values, Mw/M,, found
with the Micro-Styragel in the high pressure instrument were
lTower than found with Styragel in the Waters 200. Since standard
number average molecular weight values were used to calibrate
each instrument, the two instruments must in principle yield the
same number average molecular weights. The weight averages and
dispersity may be different since different column sets were used.
Columns of 107 AU pore size can be used with the low pressure
Waters 200 instrument but can not be made for the 202/401. Hence
exclusion results at high molecular weights with the latter
instrument.

Results on Poly(oxypropylene) using the Waters 200 GPC and
column set II are given in Table 4 and Figure 5. The line in

Figure 5 obeyed the relation:
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log My = 7.42 - 0,031C = = = = =~ =« = - ~ 22
where € is in milliliters.

It must be noted that this relation is given incorrectly in
the previous paper (11) which, however, does not invalidate the
other data and conclusions reached therein.

Intrinsic viscosities [n] of cellulose nitrate were deter-

mined on the samples shown in Table 1 in tetrahydrofuran (THF) at

40,000#
Polystyrene
2l Standards
o 10,004-
2 i
§ 8}
< -
£ 5
R L
ey
g 4t
£
5
z i
o
=
2 2
1,000
BE
6
400 1 TSR E S \ . N L L I L )
19 20 21 22 23 24 25 26 27 28 29 38 37

Elution Volume at My, 5 ml Counts

Figure 5: GPC Calibration Curve for Polypropylene Oxide Using
Waters 200 Instrument and Column Set II
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25°C with results given in Tables 2 and 3 . A plot of the data
in Figure 1 gave the relation:
0.80
[n] = 0.00013 M - - m----- 23,
. . 0.84 .

This result compares with 0,00023 M, found by Timpa and Segal
(15) for cellulose trinitrate in THF at 25°C., Concentration in
both cases was in g/dl. If intrinsic viscosity in Figure 1 is
corrected to give intrinsic viscosity of cellulose trinitrate
using the method of Lindsley and Frank (16) one obtains

[n] = 0.00018 M3°84 ——————————— 24,

Intrinsic viscosities of the poly(oxypropylene) mixtures in

THF were calculated from the equation

[n] = 0.00040 M):%8

, d1/g at 20°C - - - - - 25,
This relation is a modification of that of W. Scholtan and

W.Y. Lie (18). These workers determined intrinsic viscosity as a
function of molecular weight calculated from hydroxyl number. They
did not correct for the presence of terminal unsaturation which
becomes of some importance for poly(oxypropylene) above molecular
weight 2000. Using results found previously (11) terminal un-
saturation can be estimated as a function of molecular weight and
used to correct equivalent weight from hydroxyl analyses. At
molecular weight 1000 terminal unsaturation is 0.022 meq/g; at
motecular weight 2000 it is 0.033 meq/g; and at molecular weight
4000 it is 0.074 meq/g. Figure 2 shows the results of Scholtan

and Lie (18) after such a correction.



18: 47 24 January 2011

Downl oaded At:

218 FRENCH AND NAUFLETT

DISCUSSION

To summarize what was done as a result of work outlined in
the previous section:

1. From known values of M, and from elution volumes were
determined calibration relations between Log M, and elution
volumes at M, in the form of Equations 15, 17, 18, 20, 21, and
22 as shown in Figures 3, 4, and 5.

2. These calibration curves were used to calculate GPC
values of Mp, My, MW/Mn, Cps Cy» and (C,-C,) which are given in
Tables 2 , 3, and 4.

3. Using experimental values of intrinsic viscosity or
known Mark-Houwink constants given in Equations 19 and 25 the
functions [n]Mw, KMﬁ+1, and [n]M, were calculated and are shown
in Tables 2, 3, and 4 ,

4, The functions Log [n]Mys Log KM%+1, and Log [nIM, were
plotted against elution volume as shown in Figures 6, 7, and 8
and the Logarithm of the dispersity, Mw/Mn, was plotted against
(Cn-Cy) as shown in Figure 9.

5. The slopes and intercepts of the linear curves in
Figures 6, 7, 8 and 9 were calculated and tabulated in Table 5
together with those from Equations 15, 17, 18, 20, 21 and 22 taken
from Figures 3, 4, and 5.

Since straight line calibration curves were used to relate
Log M with elution volume, if Equations 10 and 11 hold, then plots

+1 + . .
of Log KMﬁ and Log KMS 1 versus elution volume must form straight
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Figure 6 : Comparison of Number and Weight Average Molecular

Weights for Universal GPC Calibration using Nitro-
cellulose Samples and Measured Intrinsic Viscosities.

lines. The line formed, however, will Tie on that of the poly-
styrene standards only if the functions KM?‘+1 and KM§+] represent
true hydrodynamic volumes.

From the results we wish to see several things:

a. First, does Log [n]Mn vary directly with elution volume

samples
for differen?ﬂand does the curve formed lie on the Log [nIM versus
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Figure 7: Low Resolution Universal GPC Plot for Cellulose Nitrate
with the Waters 202/401 Instrument Using Measured
Intrinsic Viscosities

elution volume curve for nearly monodisperse standard polystyrene
samples? If it does not lie on the polystyrene curve, is the
factor separating the two curves the dispersity Mw/Mn, in
accordance with the factor between Equation 3 and Equations 10

and 11?
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Figure 8: Comparison of Different Average Molecular Weights
in Universal GPC Calibration Using Polypropylene
Oxide Samples and Calculated Intrinsic Viscosities

An examination of Figures 6 and 8 shows that Log [n]My
plotted against either volume at M, or M, does not lie on the polystyrene
universal plot. The factor between [nIM, for cellulose nitrate
and ["JM for polystyrene at the same elution volume is in fact
equal to Mw/Mn. In Figure 8 a clear progression is shown
between [n]M, for poly(oxypropylene) and the polystyrene curve

as the dispersity increases from 1,03 to 1.53.
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o: Cellulose Nitrate, Waters 200, Column Set B

6.0 r o: Cellulose Nitrate, Waters 202/401,
Column Set €
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b. Secondly, do Log KMA' and Log [n]M, (or Log KMZ*)
versus Mn and M, respectively fall on the polystyrene curve in

accordance with Equations 10, 11, and 127

Figure 9: Relation Between GPC Dispersity and Elution
Volume Separation, Cn~Cyye

Figures 6, 7, and 8
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show that these equations are certainly obeyed within the limits
of error,

¢. Thirdly, is the dispersity related to the difference
between elution volume at M, and M, in accordance with Equation
14 and does the constant in Eguation 14 have the same value as e
in Equation 9? The logarithm of the dispersity is plotted
against (Cn-Cw) in m1 in Figure 9. Linear relations result
whose slope is given in the next to the last column of Table 5.
In the three cases the slopes are essentially the same as found
from Equation 9 in Figures 3, 4, and 5. As above, the excell-
ence of the fit of the points to the lines is because linear
calibration curves were employed and not because of the quality
of the experimental techniques.

d. Fourth, do the relations between the constant in Equation
9 and Equations 10 and 11 satisfy Equations 6 and 7? The inter-
cept, Log d, and slope, e, from Equation 9 taken from Figures 3,
4, and 5 are given in Table 5 for the various systems. In
accordance with Equations 6 and 7 these were converted to Log
Kda+] and e(a+1) to give values of Log A and b. These values are
compared in Table 5 with Log a and b from Equations 10, 11, and
12 determined from Figures 6, 7, and 8. Close agreement is
found.

The numbers in Table 5 may be used to compare the column sets
used with cellulose nitrate in the Water's 200 and 202/401 instru-
ments. The resolution of the systems is - g%- = ?f?ﬁ%EEj' where

J is the hydrodynamic volume. That is, the higher the molecular



18: 47 24 January 2011

Downl oaded At:

224 FRENCH AND NAUFLETT

weight the poorer the resclution., For the 200 instrument

dec _ 7.39 dc 1.58
"W Ty and for the 202/401 - 47 = g - These values
for the particular column sets employed would be higher for the

202/401 if a higher porosity column could have been used.

CONCLUSION

When the molecules in the detector all obey the same Mark-
Houwink relation, Equations 10, 11, and 13 constitute a "Universal
GPC Calibration" in term of kM2*! of any molecular weight average,
of [nIM,, or approximately of [n]M,. None of these expressions,
however, is [n]M, which indeed has no meaning other then [nIM
when only one species is present. When the dispersity of the
whole sample is large, use of KMi+] doubles the number of points
available for determination of the calibration curve because the
points placed by KMﬁ+] will be at the low molecular weight end
of the universal curve and those from KM3+] will be at the upper.
In theory one such sample might suffice for a determination of
the curve. The factor between Equations 10, 11, and 13 and
Equation 3 is the dispersity of the sample. As the dispersity
approaches 1.0 a point placed by Equation 3 will approach the

curve formed by Equations 10, 11 or 13.
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